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Robustness of quantum communication based on a decoherence-free subspace using a
counter-propagating weak coherent light pulse
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We study distribution schemes for a polarization entangled photon pair based on a decoherence-
free subspace over lossy quantum channels and propose an efficient scheme that is robust against
not only collective phase noises but also general collective noises for two qubits. While the proposed
scheme employs two photons to build the decoherence-free subspace, the success probability is
proportional to the channel transmittance of a single photon with the aid of a counter-propagating
weak coherent light pulse. The key ingredient in the scheme is found to be the reciprocity of
the channel. The proposed scheme shares the rest of the properties with the previously proposed
schemes, i.e., it can be realized by linear optical elements and it is robust against the fluctuations
in the optical circuits used by the two parties.
PACS numbers: 03.67.Hk, 42.50.Dv, 03.67.Pp
I. INTRODUCTION
Faithful distribution of photonic entangled states
among distantly located parties is one of the important
issues in the field of quantum information processing,
such as quantum key distribution (QKD) [1, 2], quantum
teleportation [3], and quantum computation [4]. Embed-
ding the quantum states into decoherence-free subspace
(DFS) consisting of a number of photons or other qubits
is considered to be one of the possible schemes to achieve
this task [5–11]. So far, several schemes have been pro-
posed [12–14] and experimentally demonstrated [15–21]
for quantum communication. The photon loss in the
quantum channel, however, seriously degrades the trans-
mission rate of quantum states. For example, when the
transmittance of one photon through the channel is T and
the number of photons used for the DFS is two, the trans-
mission rate of a signal quantum state is proportional to
T 2. This T 2 dependence severely limits the efficiency
in long-distance quantum communications. To overcome
the inefficiency of the DFS based scheme, an efficient en-
tanglement distribution scheme based on a two-photon
DFS, in which the transmission rate is proportional to
T , has been proposed and experimentally demonstrated
[22]. The key idea in this scheme is the use of a reference
photon from a weak coherent light pulse (WCP) that is
counter-propagating through the channel to implement
an effective two-photon DFS. However, the protocol is
limited for protecting the state only over the collective
phase noise in the channel.
In this paper, we propose a scheme that is an exten-
sion of the above two-photon DFS scheme [22] and show
that the present scheme is robust against general collec-
tive noises including not only phase shifts but also po-
larization rotations, while the channel transmission rate
of the photon is proportional to T . The scheme is real-
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ized by linear optical elements and is robust against not
only channel noises but also the instability in the optical
circuits used by two parties.
This paper is organized as follows. In Sec. II, we
discuss the polarization-state transformation for the
forward- and the backward-propagating photon in lossy
optical media including optical fibers, and introduce a
useful relation between these transformations for describ-
ing the present scheme. In Sec. III, we first introduce the
previously proposed protocols based on a two-qubit DFS,
and then we provide an extended protocol that is robust
against the general collective noise channels. In Sec. IV,
we give a summary and conclusion.
II. POLARIZATION-STATE
TRANSFORMATION IN AN OPTICAL FIBER
In this section, we review a relationship between the
polarization-state transformations in an optical fiber
for forward-propagating (Alice to Bob) and backward-
propagating (Bob to Alice) photons. Our derivation is
based on an assumption that an optical fiber can be re-
garded as a sequence of lossy birefringent elements.
First we introduce the coordinate systems used in this
paper for describing the polarization states for forward-
and backward-propagating photons. We assign two right-
handed coordinate systems xyz and x′y′z′, which are
used for forward- and backward-propagating photons, re-
spectively. As shown in Fig. 1, the forward-propagating
photons travel along the z axis and the backward-
propagating photons travel along the z′ axis. We choose
y and y′ axes to be in the same direction, and x and x′
axes to be in opposite directions.
A linearly polarized state of a photon with electric field
vector along x axis and y axis is represented by |x〉 and
|y〉, respectively. The relative phase between |x〉 and |y〉
is chosen such that cosϕ|x〉+sinϕ|y〉 represents the state
linearly polarized in the direction with angle ϕ from x
axis. When ϕ = pi/4 and −pi/4, the states are repre-
2sented by |D〉 and |D¯〉, respectively, as shown in Fig. 1.
An arbitrary polarization state can be written as
|ψ〉 = Vx|x〉+ Vy |y〉 (1)
=
(
Vx
Vy
)
, (2)
where Vx and Vy are complex numbers satisfying |Vx|2+
|Vy|2 = 1. The second line shows the corresponding
vector representation of the state, which coincides with
Jones vector [23]. We extend the definition of the vec-
tor representation to the case where P (Vx, Vy) ≡ |Vx|2 +
|Vy|2 < 1, such that it represents the state whose den-
sity operator is ρ(Vx, Vy) ≡ (1−P (Vx, Vy))|0〉〈0|+ |ψ〉〈ψ|.
Here |0〉 is the vacuum and |ψ〉 is given by Eq. (1). Then,
the effect of any linear passive optical component is rep-
resented by a complex matrix M satisfying M †M ≤ 1,
which transforms the input state ρ(Vx, Vy) to the output
state ρ(V ′x, V
′
y) as
(
V ′x
V ′y
)
=M
(
Vx
Vy
)
. (3)
We call M a transformation matrix here and henceforth.
Note that, since ρ(eiφVx, e
iφVy) = ρ(Vx, Vy), M and
eiφM represents the same physical transformation.
We first introduce a specific example of the transforma-
tion matrices for a forward-propagating photon through a
birefringent element with a polarization dependent loss.
The slow and fast axes of the birefringent element are
represented by s and f , respectively. As shown in Fig. 2,
the angle between the y axis and the f axis is θ, where
the angle is measured in a counter-clockwise way; i.e., the
positive rotation direction is defined to be from positive
x axis to positive y axis. The polarization state along
s and f axes is represented by |s〉 and |f〉, respectively,
where
|s〉 = cos θ|x〉 + sin θ|y〉 (4)
and
|f〉 = − sin θ|x〉 + cos θ|y〉. (5)
We introduce the representation (Vs, Vf ) in the basis
{|s〉, |f〉} from the relation Vs|s〉+Vf |f〉 = Vx|x〉+Vy|y〉,
or equivalently,
(
Vs
Vf
)
= R(−θ)
(
Vx
Vy
)
, (6)
where
R(θ) ≡
(
cos θ − sin θ
sin θ cos θ
)
. (7)
After the photon passes through the birefringent el-
ement, the state is altered by polarization-dependent
phase shifts and photon losses as |s〉 → γse−iφ|s〉 and
|f〉 → γf eiφ|f〉, where γs and γf are non-negative real
z′
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FIG. 1. (Color online) Coordinate systems for the forward
propagation (xyz) and the backward propagation (x′y′z′).
Photons propagate along the z (z′) axis. A birefringent el-
ement is located with its surface perpendicular to the z (z′)
axis.
numbers satisfying γs ≤ 1 and γf ≤ 1. The matrix rep-
resentation of the state transformation is described as(
V ′s
V ′f
)
=W (γs, γf , φ)
(
Vs
Vf
)
, (8)
where
W (γs, γf , φ) ≡
(
γse
−iφ 0
0 γfe
iφ
)
. (9)
The state representation in the basis {|x〉, |y〉} is written
as (
V ′x
V ′y
)
= R(θ)
(
V ′s
V ′f
)
. (10)
Hence the transformation matrixM in the basis {|x〉, |y〉}
is given by
M = R(θ)W (γs, γf , φ)R(−θ). (11)
Next we calculate the transformation matrix
←−
M for
the backward-propagating photon passing through the
same medium. In this case, we use the x′y′z′ coordinate
system. The angle between the y′ and f axes is −θ, while
W (γs, γf , φ) is unchanged. This leads to
←−
M = R(−θ)W (γs, γf , φ)R(θ). (12)
Now it is easy to confirm the relations R(θ) =
ZRT (θ)Z and W (γs, γf , φ) = ZW
T (γs, γf , φ)Z, where
3FIG. 2. (Color online) The inclination of the f axis in xyz
and x′y′z′ coordinate systems. The angle between the f axis
and the y axis is θ in the xyz coordinate system and −θ in
the x′y′z′ coordinate system.
Z is a Pauli matrix written as
Z =
(
1 0
0 −1
)
.
Therefore, the relationship between the transformations
for forward-propagating and backward-propagating pho-
tons is found as
←−
M = ZMTZ. (13)
Note that this formula is true for our specific choice of
the coordinate systems. In general, the relation (13) can
be represented by
←−
M = UMTU † with unitary matrix U ,
where U = R(α)Z and α depends on the choice of the
coordinate systems [24, 25].
The above relation of the single-element transfor-
mation between forward and backward propagations
is extended to N elements. Suppose that the over-
all transformation matrix of the sequence of N bire-
fringent elements for a forward-propagating photon
is given by M = MNMN−1 · · ·Mj · · ·M2M1, where
Mj stands for the transformation matrix of the
jth birefringent element. The corresponding trans-
formation matrix for a backward-propagating pho-
ton is
←−
M =
←−
M1
←−
M2 · · ·←−M j · · ·←−MN−1←−MN . Be-
cause of the relation (13), the following equa-
tion holds;
←−
M =
←−
M1
←−
M2 · · ·←−M j · · ·←−MN−1←−MN =
Z(MNMN−1 · · ·Mj · · ·M2M1)TZ = ZMTZ. This
clearly shows that the relation (13) is satisfied by a com-
posite system of the birefringent elements. It has been
shown that, in general, the relation (13) is fulfilled by
counter-propagating lights through any reciprocal media
[25]. In Sec. III, we describe our entanglement distribu-
tion protocol by using the useful relation (13).
III. DFS BASED QUANTUM
COMMUNICATION OVER COLLECTIVE NOISE
It is well known that logical qubits embedded in a
DFS formed by multiple physical qubits are immune to a
FIG. 3. (Color online) A sequence of birefringent elements as
a model of the optical fiber. The angle between the f axis
and the y axis of the jth element is represented by θj .
collective noise. We first introduce a DFS formed by
two physical qubits for a collective phase noise chan-
nel. Following the convention, hereafter we use the nota-
tion of the basis {|H〉, |V 〉} instead of {|x〉, |y〉}, where
|H〉 and |V 〉 represent the horizontally and the verti-
cally polarized single photon state, respectively. A phase-
shift channel transforms the states as |H〉 → e−iφ|H〉
and |V 〉 → eiφ|V 〉. The corresponding transformation
matrix is given by W (1, 1, φ). A photon in the state
α|H〉 + β|V 〉 is transformed into e−iφ(α|H〉 + e2iφβ|V 〉)
by the phase shift. If the phase shift φ varies with time
and is unknown, the state is distorted. On the other
hand, when the state is encoded into two-photon state
α|HV 〉+ β|V H〉 and each photon is considered to be al-
tered by the same phase shift represented by W (1, 1, φ),
the state is unchanged as α|HV 〉 + β|V H〉. Thus the
logical qubit is protected in the two-qubit DFS spanned
by the basis {|HV 〉, |V H〉} against the collective phase
noise. It is well known that the noise in the optical fiber
is mainly caused by the fluctuation of the birefringence,
which varies slowly with time. Thus the DFS scheme is
useful for quantum communication over optical fibers.
In this section, we deal with two types of channels; one
is a collective phase noise channel and the other is a gen-
eral collective noise channel. The transformation matrix
for each photon through the collective phase noise chan-
nel is written as W (γs, γf , φ), which includes phase shift
and polarization dependent losses. In the case of the gen-
eral collective noise channel, the transformation matrix
is arbitrary. We assume the relation (13) for transforma-
tion matrices of those channels. Since the optical fibers
are known to be reciprocal media, such an assumption is
valid in optical fiber communications.
In the following subsections, we introduce a proto-
col that employ one collective phase noise channel and
4one that employs two general collective noise channels
[14, 20]. Then we introduce a protocol using counter-
propagating photons, which boosts up the efficiency of
the scheme for one collective phase noise channel [22].
Finally we propose a new scheme that boosts up the effi-
ciency of the scheme for two general collective noise chan-
nels. In all examples described in this section, we assume
that the fluctuations in the channels are so slow that the
transformation matrices do not vary with time.
A. Single-qubit distribution protocol over
collective phase noise
A simple realization of the single-qubit distribution
over collective phase noise based on linear optical ele-
ments has been proposed in [14]. The procedure of the
scheme is as follows: the sender Alice is given a signal
photon S in α|HS〉+β|VS〉 and prepares a reference pho-
ton R in a fixed state |DR〉 = 1√2 (|HR〉+|VR〉), where the
subscripts inside |·〉 represent signal and reference. The
time difference between the reference photon and the sig-
nal photon are separated in time by ∆t as shown in Fig.
4(a). After the transmission of the two photons through
the channel, the state is described as
1√
2
[γsγf (α|VRHS〉+ β|HRVS〉)
+αγ2se
−2iφ|HRHS〉+ βγ2fe2iφ|VRVS〉]. (14)
The state α|VRHS〉 + β|HRVS〉 is in the two-qubit
DFS and is invariant under the collective phase noise.
The projection onto the subspace spanned by the basis
{|VRHS〉, |HRVS〉} and the decoding of its state into the
initial signal state are performed by linear optical parity
checking described in Fig. 4(c).
As shown in Fig. 4, the linear optical circuits for parity
checking aims at the extraction of the state α|VRHS〉 +
β|HRVS〉 followed by decoding to α|HS〉 + β|VS〉, which
works as follows [26–28]: First one transforms the polar-
ization of the reference photon R as |HR〉 → |VR〉 and
|VR〉 → |HR〉 by HWP1, followed by sending the photon
R to one port of PBS1 and the photon S to the other port.
The apparatus DX , which consists of HWP2 rotated by
pi/8, PBS2, and photon detectors D1 and D2, measures
the incoming photons. The photon detection at D1 and
D2 corresponds to the projection onto the states |D〉 and
|D¯〉, respectively, when DX receives a single photon. In
the case where the input state is α|VRHS〉 + β|HRVS〉,
the state just after the PBS1 is α|HH〉+ β|V V 〉. When
the photon detection at D1 and D2 occur, the state in
the output port becomes α|H〉+ β|V 〉 and α|H〉 − β|V 〉,
respectively. Performing the phase shift pi only in the
case of the photon detection at D2, we obtain state
α|H〉+ β|V 〉, identical to the initial state. On the other
hand, when the input state is in the subspace spanned
by {|HRHS〉, |VRVS〉}, two photons leave PBS1 together
from one of the ports, which leads to two- or zero- pho-
ton detection in DX . Thus we can perform the parity
FIG. 4. (Color online) Schematic diagram of a single qubit
distribution using DFS against (a) a collective phase noise
channel and (b) two general collective noise channels. Alice is
given the signal photon S and the reference photon R in the
fixed state |D〉. The time difference between the signal and
the reference photon is ∆t. In the diagram (b), two photons
are split into channel 1¯ and channel 2¯ by a PBS. The events
where two photons appear together in either port 1 or port 2
are selected for the extraction of the state protected by DFS.
(c) Linear optical implementation of the parity checking and
decoding. Half wave plates HWP1 and HWP2 are rotated
by pi/4 and pi/8 from the horizontal axis, respectively. The
apparatus DX surrounded by the dotted box, which includes
the photon detector D1 and D2, is used for the projection
measurement on the basis {|D〉, |D¯〉}. The time difference ∆t
between the signal and reference photons is compensated in
advance by using an optical delay line not shown in the figure.
checking by linear optics and photon detection. While
the photon loss and inefficiency of the detectors leads to
the unexpected vacuum in output port, such events can
be eliminated by the postselection of the events where
the output port is not in the vacuum.
We should also mention that if one or both of the in-
put modes include two or more photons, the scheme in
Fig. 4(c) results in errors that are not eliminated by the
postselection. In such cases, a single photon detection
by the apparatus DX may leave a single photon in the
output port, but its polarization state will be different
from the one intended in the parity checking scheme. In
subsection III C and IIID, we discuss protocols using a
weak coherent light pulse as the reference, in which case
consideration on the rate of such erroneous events is nec-
essary.
5B. Single-qubit distribution protocol over general
collective noise
The scheme in the previous subsection protects a qubit
against a collective phase noise channel, but a small mod-
ification achieves the protection of the signal state against
the general collective noise channels, if we are allowed to
use two of such channels as in Fig. 4(b) [14]. The two
channels are combined by a PBS at the sender and by
another PBS at the receiver. Let the transformation ma-
trices of the channels 1¯ and 2¯ be
M =
(
m1 m2
m3 m4
)
and L =
(
l1 l2
l3 l4
)
, (15)
respectively. The signal (reference) photon in state
|HS(R)〉 and |VS(R)〉 is transformed as |HS(R)〉 →
m1|HS(R)〉 + m3|VS(R)〉 and |VS(R)〉 → l2|HS(R)〉 +
l4|VS(R)〉. After the photons S and R pass through the
channels 1¯ and 2¯, the state is written as
1√
2
[α(m21|HRHS〉11 +m1m3|HRVS〉12 +m3m1|VRHS〉21 +m23|VRVS〉22)
+β(m1l2|HRHS〉12 +m1l4|HRVS〉11 +m3l2|VRHS〉22 +m3l4|VRVS〉21)
+α(l2m1|HRHS〉21 + l2m3|HRVS〉22 + l4m1|VRHS〉11 + l4m3|VRVS〉12)
+β(l22|HRHS〉22 + l2l4|HRVS〉21 + l4l2|VRHS〉12 + l24|VRVS〉11)]. (16)
The subscripts outside of |·〉 represent the out-
put port numbers. When two photons appear in
port 1, the state is written as 1√
2
[m21α|HRHS〉11 +
m1l4(β|HRVS〉11 + α|VRHS〉11) + l24β|VRVS〉11]. The
state 1√
2
m1l4(β|HRVS〉11 + α|VRHS〉11) is invariant un-
der the collective noise. Similarly to the previ-
ous scheme, the parity checking shown in Fig. 4(c)
achieves the extraction of the signal state α|H〉 +
β|V 〉. When the photons R and S appear at
port 2, the state is written as 1√
2
[m23α|VRVS〉22 +
m3l2(β|VRHS〉22 + α|HRVS〉22) + l22β|HRHS〉22]. The
state 1√
2
m3l2(β|VRHS〉22 + α|HRVS〉22) is again invari-
ant under the general collective noise and is decoded into
the signal state. As shown in the above discussion, two
channels together with PBSs enable us to reject the po-
larization rotation errors and to extract the signal state.
The success probability of the case where two pho-
tons emerge at port 1 is given by |m1|2|l4|2/2, but this
value is sensitive to a small change in birefringence of the
fiber. By inserting random unitary operations at both
ends of channel 1¯ and channel 2¯, we can make the suc-
cess probability to be a more stable quantity of T1T2/4,
where T1 ≡ Tr(M †M)/2 and T2 ≡ Tr(L†L)/2 are the
polarization-averaged transmission of the channels. The
success probability for two photons leaving port 2 is also
given by T1T2/4, leading to the overall success probabil-
ity T1T2/2.
The schemes described in subsections III A and III B
are able to protect arbitrary unknown states of a qubit,
and hence they are also able to protect any correlation
that is initially formed between the input qubit and other
systems. Those schemes can thus be used for distribut-
ing a maximally entangled state of a qubit pair through
channels with collective noises. In the following subsec-
tions, we discuss protocols solely intended for such a dis-
tribution of a maximally entangled state, with an added
benefit of an improved scaling of the efficiency over the
channel transmission.
C. Entanglement distribution protocol over
collective phase noise with counter-propagating
photons
A serious drawback of the photonic DFS schemes in-
cluding the previously introduced schemes is the ineffi-
ciency caused by the photon loss in optical fibers. When
the transmittance of the channel is T and a two-qubit
DFS scheme is performed, the success probability for
sending a qubit state is proportional to T 2. In order to
overcome the inefficiency, a two-qubit DFS scheme based
on a backward-propagating weak coherent light pulse
over the collective phase noise channel, whose efficiency is
proportional to T , has been proposed and demonstrated
in Ref. [22]. In this subsection, we review the working
principle of the scheme in the case where the backward-
propagating light is initially a single photon, and then we
show that the efficiency is improved by using a coherent
light pulse instead of the single photon.
Suppose that Bob, instead of Alice, sends a reference
photon R in the state |DR〉 = 1√2 (|HR〉 + |VR〉) to Alice
as shown in Fig. 5. Alice prepares photons A and S in
an entangled state |φ+AS〉 = 1√2 (|HAHS〉 + |VAVS〉), and
sends the signal photon S to Bob through the channel.
The transformation matrix W (γs, γf , φ) is used again
for the collective phase noise channel. The transforma-
tion matrix for the backward propagation is the same as
W (γs, γf , φ). After transmission, two photons A and R
are at Alice’s side and the signal photon S is at Bob’s
side. Here we use a well-known property that when two
6FIG. 5. (Color online) Schematic diagram of entanglement
distribution scheme using the backward-propagating reference
photon. Alice prepares the entangled photon pair |φ+AS〉 and
sends the photon S to Bob. On the other hand, Bob prepares
the reference photon R and sends it to Alice. After receiving
the photon R, Alice performs parity checking on photons A
and R to extract the DFS and decodes back to the entangled
state |φ+〉. In order to boost up the efficiency, Bob uses a
weak coherent light pulse, in stead of a single photon, as the
reference light.
qubits A and S are in the entangled state |φ+AS〉, a phase
shift on qubit S is equivalent to the same amount of
phase shift on qubit A. Thus the net effect is the same
as if photons A and R had passed through the collec-
tive phase noise channel as in subsection IIIA. Thanks
to this property, after performing the parity checking on
qubit A and R at Alice’s side, Alice and Bob obtain the
entangled state over the collective phase noise channel.
The efficiency of the protocol using a single photon as
the reference photon R is obviously O(T 2). The modifi-
cation to improve the efficiency is done as follows: Bob
sends a coherent light pulse, instead of a single photon,
to Alice. Let µ be the average photon number of the co-
herent pulse received by Alice, after passing through the
channel with transmission T . The probabilities of one
photon and two or more photons are contained in the
coherent light pulse at Alice’s side are P1 = O(µ) and
Pm = O(µ
2), respectively. In this protocol, the success-
ful events accepted by the linear optical parity checking
consists of two cases; (i) one photon is in mode A and
one photon is in the reference mode R, and (ii) two or
more photons are in the reference mode R. Since mode A
always has a single photon, the probability of the case (i)
is O(µ) and that of the case (ii) is O(µ2). As described in
subsection III A, the case (ii) causes the degradation of
the fidelity. Thus O(µ) ≫ O(µ2) has to hold for high fi-
delity entanglement distribution, which leads to the con-
dition µ ≪ 1. Although the condition µ ≪ 1 must be
satisfied, µ can be chosen independent of the channel
transmittance T . Thus the overall success probability,
which is O(µT ), is proportional to T . A detailed calcula-
tion of the efficiency, the fidelity, and a trade-off between
these values of the scheme with respect to the value of µ
are shown in Appendix. The advantage of the scheme in
the case of low T regime has been experimentally demon-
strated in Ref. [22].
FIG. 6. (Color online) Entanglement distribution protocol
with counter-propagating photons. Only when photon R ap-
pears in port 1 and photon S appears in port 3, the state
protected by DFS is extracted.
One might wonder why we cannot apply the same tech-
nique to the forward propagation protocol in subsection
IIIA to improve the efficiency. However, as long as we
use the linear optical parity checking in Fig. 4(c) at Bob’s
side, we do not obtain the efficiency O(T ) by using WCP
as the reference photon. Suppose that Bob receives a
WCP with mean photon number µ. The probability that
each of mode S and mode R has exactly one photon, cor-
responding to the case (i) above, is O(µT ) since the signal
photon S must have survived the lossy channel. There-
fore O(µT ) ≫ O(µ2), which leads to µ ≪ T , should be
satisfied for a high fidelity. This limits the overall success
probability to be O(T 2).
D. Entanglement distribution protocol over general
collective noise with counter-propagating photons
Here we newly propose an extended scheme that ap-
plies the counter propagation protocol to the two-channel
scheme introduced in subsection III B to boost up the
efficiency of the two-qubit DFS scheme against the gen-
eral collective noise channels. The key ingredient in the
scheme is the reciprocity relation (13) for each channel,
which is believed to be satisfied in optical fibers. In the
same manner as in the previous subsection, we first de-
scribe the working principle when we use a single photon
as the reference light.
As shown in Fig. 6, Alice prepares the entangled state
|φ+AS〉 and sends the signal photon S to Bob. Bob pre-
pares the reference photon R in the state |DR〉 and sends
it to Alice. The signal photon S is split into two spatial
modes by a PBS. The reference photon R is also split
into two spatial modes by a PBS. The state just before
the signal and reference photons entering channel 1¯ and
2¯ is
1
2
(|HRHS〉1¯1¯|HA〉+ |HRVS〉1¯2¯|VA〉
+|VRHS〉2¯1¯|HA〉+ |VRVS〉2¯2¯|VA〉). (17)
Suppose that the transformation matrices of channels 1¯
and 2¯ are M and L, respectively, in Eq. (15). The cor-
7responding transformation matrices for backward prop-
agation are
←−
M = ZMTZ and
←−
L = ZLTZ under the
reciprocity condition (13).
After the photons S and R pass through the channel
1¯ and 2¯, the state is written as
1
2
[(m1|HR〉1¯ −m2|VR〉1¯)(m1|HS〉1¯ +m3|VS〉1¯)|HA〉
+(m1|HR〉1¯ −m2|VR〉1¯)(l2|HS〉2¯ + l4|VS〉2¯)|VA〉
+(−l3|HR〉2¯ + l4|VR〉2¯)(m1|HS〉1¯ +m3|VS〉1¯)|HA〉
+(−l3|HR〉2¯ + l4|VR〉2¯)(l2|HS〉2¯ + l4|VS〉2¯)|VA〉]. (18)
After that, both photons pass through the PBSs. The
state then becomes
1
2
[(m21|HRHS〉13 +m1m3|HRVS〉14 −m2m1|VRHS〉23 −m2m3|VRVS〉24)|HA〉
+(m1l2|HRHS〉14 +m1l4|HRVS〉13 −m2l2|VRHS〉24 −m2l4|VRVS〉23)|VA〉
+(−l3m1|HRHS〉23 − l3m3|HRVS〉24 + l4m1|VRHS〉13 + l4m3|VRVS〉14)|HA〉
+(−l3l2|HRHS〉24 − l3l4|HRVS〉23 + l4l2|VRHS〉14 + l24|VRVS〉13)|VA〉]. (19)
After post-selecting the event where the photons
R and S appear at ports 1 and 3, we obtain
the state 12 [m
2
1|HRHS〉13|HA〉 + m1l4(|HRVS〉13|VA〉 +
|VRHS〉13|HA〉) + l24|VRVS〉13|VA〉]. Fortunately, a part
of the state 12m1l4(|HRVS〉13|VA〉+ |VRHS〉13|HA〉) is in-
variant under the general collective noise. In the same
manner as in subsection III B, Alice can extract the state
by using linear optical parity checking in Fig. 4(c). The
final state shared between Alice and Bob is the maxi-
mally entangled state |φ+〉. As one can see in state (19),
unlike the forward propagation protocol shown in subsec-
tion III B, the state of the photons appearing in the other
ports, 2 and 4, is not protected over the general collec-
tive noise channels. As in subsection III B, by inserting
random unitary operations the overall success probabil-
ity becomes T1T2/4, which is half of that in subsection
III B due to the fact that the cases for photons leaving
ports 2 and 4 automatically fails. This success probabil-
ity can then be boosted up by using WCP as the reference
light, from O(T 2) to O(T ). The detailed calculations of
the efficiency and the fidelity of the scheme are shown in
Appendix.
In the forward-propagating protocol shown in Fig.
4(b), when both photons appear at port 1, there are
two possible trajectories: H → H/1¯, implying that an
H polarized photon enters channel 1¯ and leaves in H
polarization, and V → V/2¯. If the signal photon has H
polarization, it takes the former and the reference photon
takes the latter. If the signal photon has V polarization
the trajectories are interchanged. The same argument
applies when both photons appear in port 2, with two
trajectories H → V/1¯ and V → H/2¯. In the backward-
propagating protocol presented in this subsection, we
have four trajectories instead. When the photons ap-
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FIG. 7. Sketch of the trajectories when two photons appear
in (a) ports 1 and 3 or (b) ports 2 and 4. The solid arrows
and the dotted arrows show the trajectories of the signal and
the reference photon, respectively.
pear at ports 1 and 3, those are H → H/1¯ and V → V/2¯
for photon S, and H ← H/1¯ and V ← V/2¯ for photon R,
where the trajectories for photon R are the time-reversed
versions of those for photon S. As a result, two possible
choices of the trajectories of the two photons, shown in
Fig. 7(a), acquire the same phase shift from the chan-
nels. On the other hand, when the photons appear at
ports 2 and 4, the relevant trajectories are H → V/1¯ and
V → H/2¯ for photon S, and H ← V/2¯ and V ← H/1¯ for
photon R, among which no pair is in the time-reversal
relation. Hence no state is protected in this case.
Several remarks are in order for the experimental real-
ization of the proposed scheme using WCP. In practice,
a polarization-independent optical circulator with high
efficiency is hard to obtain. However, such a device is
not required when we use WCP as the reference. In that
case, we may replace the optical circulator with small re-
8flectance mirrors, which transmit the signal photon with
transmittance close to unity and reflect the reference pho-
tons. The low reflectance can simply be compensated by
increasing the initial amplitude of the WCP. The optical
path length mismatch between the two channels needs
to be adjusted within the coherence length of the pho-
tons, which is typically far longer than the wavelength
of the photons. Similarly to the experiment in Ref. [22],
the experimental demonstration can be done by using
the entangled photon source based on parametric down
conversion, linear optical elements and photon detectors.
The scheme is also robust against the fluctuations in the
optical circuits used for parity checking due to the two-
photon interference.
IV. SUMMARY AND CONCLUSION
We have proposed an efficient entanglement distribu-
tion protocol based on a two-qubit DFS, which is robust
against not only the collective phase noise channel but
also the general collective noise channels. The immu-
nity against the general collective noise is achieved by
the rejection of polarization-rotation errors. This is done
by enlarging the Hilbert space via two channels together
with PBSs and the postselection. The success probabil-
ity of the scheme is proportional to the channel transmit-
tance of one photon despite the use of two photons for
spanning the DFS. The suppression of the photon-loss
effect is done by the use of an entangled photon pair and
a backward-propagating weak coherent light pulse.
It is well known that a logical qubit embedded in four-
qubit DFS is robust against a general collective noise
[29], which has been demonstrated in Ref. [16]. If we
use such a state to transmit a qubit though optical fiber,
the success probability is proportional to T 4. On the
other hand, our scheme is able to make it proportional
to T against the same type of noises. We believe that our
robust and efficient quantum communication scheme and
the formal study of the polarization state transformation
for counter-propagating photons are useful for quantum
information processing.
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Appendix
In the appendix, we describe the trade-off between the
fidelity and the efficiency of the present scheme using
counter-propagating weak coherent light pulse. Such a
trade-off is caused by the coherent-state input of the
parity checking in Fig. 4(c). The coherent state is de-
scribed as |α〉 = e−|α|2/2∑n αn√n! |n〉, where |n〉 repre-
sents the n-photon number state. The initial entangled
state of the photon pair prepared by Alice is described as
|φ+〉 = 1√
2
(|1〉AH |1〉SH + |1〉AV |1〉SV ), where the superscripts
and subscripts of |·〉 represent the spatial modes and the
polarization modes in Fig. 4(c), respectively.
For simplicity, we assume (i) the transmittances T1
and T2 of the channels 1¯ and 2¯ do not depend on the po-
larization state, (ii) the random unitary operations are
inserted at both ends of channel 1¯ and channel 2¯, (iii)
detectors D1 and D2 have the capability to resolve pho-
ton numbers with unit quantum efficiency, and (iv) the
vacuum component in output port Y and port 3 in Fig.
6 is eliminated by a post selection. Under these assump-
tions, multiphoton states in output port Y , which are
orthogonal to the state |φ+〉, reduces the fidelity of the
output state.
The ancilla state received by Alice is represented
by |m1α/
√
2〉RH |l4α/
√
2〉RV and the entangled state af-
ter the distribution is represented by |φm1,l4〉 ≡
1√
2
(m1|1〉AH |1〉SH + l4|1〉AV |1〉SV ). The unitary transforma-
tion performed by HWP1 and PBS1, which we denote
U1, transforms the ancilla state |m1α/
√
2〉RH |l4α/
√
2〉RV
to |l4α/
√
2〉YH |m1α/
√
2〉XV and the state |φm1,l4〉 to
91√
2
(m1|1〉XH |1〉SH + l4|1〉YV |1〉SV ). The unitary trans-
formation U2 performed by HWP2 and PBS2 trans-
forms |m1α/
√
2〉XV to |m1α/2〉1H |m1α/2〉2V and |1〉XH
to 1√
2
(|1〉1H − |1〉2V ). The successful events are the
cases where detector (D1,D2) receives (|1〉1H , |0〉2V ) and
(|0〉1H , |1〉2V ). We only deal with the former case because
the fidelity and efficiency of the latter case are equal to
the former case. The probability of obtaining the former
case is calculated to be
g(m1, l4) = ||〈1|1H〈0|2V U2U1|m1α/
√
2〉RH |l4α/
√
2〉RV |φm1,l4〉||2
−|〈0|YV 〈0|YH〈1|1H〈0|2V U2U1|m1α/
√
2〉RH |l4α/
√
2〉RV |φm1,l4〉|2
= e
−|α|2|m1|
2
2
|m1|2
4
(1 +
|α|2|l4|2
2
− e−|α|
2|l4|
2
2 )
(A.1)
and the probability of obtaining the state |φ+〉 is calcu-
lated to be
h(m1, l4)
= |〈φ+|〈1|1H〈0|2V U2U1|m1α/
√
2〉RH |l4α/
√
2〉RV |φm1,l4〉|2
= e
−|α|2(|m1|
2+|l4|
2)
2
|α|2|m1|2|l4|2
4
. (A.2)
The random unitary operations at both ends of channel
1¯ and channel 2¯ achieve uniform probability distribution
of |m1|2 and |l4|2. Thus the efficiency and the fidelity
values are calculated to be
G =
∫ 2T1
0
∫ 2T2
0
d|m1|2d|l4|2g(m1, l4)/4T1T2
=
1
2|α|6T1T2
(
1− e−|α|2T1(1 + |α|2T1)
)
×
(
e−|α|
2T2 − 1 + |α|2T2 + |α|4T 22 /2
)
(A.3)
and
F =
1
G
∫ 2T1
0
∫ 2T2
0
d|m1|2d|l4|2h(m1, l4)/4T1T2
=
2
(
1− e−|α|2T2(1 + |α|2T2)
)
e−|α|2T2 − 1 + |α|2T2 + |α|4T 22 /2
, (A.4)
respectively. Fig. 8(a) shows the fidelity F and the effi-
ciency 2G/T as a function of the average photon number
µ of the coherent light in the case where T1 = T2 = T and
µ = T |α|2. This clearly indicates the condition µ≪ 1 to
achieve high fidelity. The trade-off between the fidelity
and the efficiency is shown in Fig 8(b).
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